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NC - 583 Seat No.___________
Third Year B. Sc. / B. A. Examination

April / May – 2003
Mathematics : Paper - VIII

(Analysis - II)
(New Course)

Time : 3 Hours] [Total Marks : 105

Ëq[™t : (1) ƒÄt s «&™tu VhrsÞt‚ Au.

(2) s{ýe ƒtsw™t ykf ËkƒkrÄ‚ «&™™t „wý Œþtoðu Au.

(3) «&™…ºt{tk sýtÔÞt «{týu™tu «&™™tu Ët[tu ¢{ W¥thðne{tk ÷¾tu.

1 (y) Ëtrƒ‚ fhtu fu ©uýe 

( );x x
nn n

n

= +ΦΗΓ ΙΚϑ1
1

 yr¼Ëthe Au. 7

(ƒ) òu an∑  r™h…uût yr¼Ëthe ntuÞ ‚tu Ëtrƒ‚ fhtu fu an∑ ™tk …Œtu™e 7

ftuE …ý …w™:„tuXðýe {txu ‚u™tu Ëhðt¤tu yu s hnu Au. (ƒŒ÷t‚tu ™Úte).

(f) Äthtu fu n = 1 2 3, , ,...... {txu, x x xn n n+ += +2 1 y™u 

r
x

xn
n

n
= +1

. 7

Ëtrƒ‚ fhtu fu ©uýe ( )rn  yr¼Ëthe Au y™u 

lim
n

nr→∞
= +1 5

2
.

yÚtðt

1 (y) Ëtrƒ‚ fhtu : 7

(1)

lim
n

p

n

n

x→∞
= 0

;   x > 1;    
p ∈|TR|

(2)

a

na
n

n1+∑  y…Ëthe Au, 

an > 0
 ßÞtk 

an∑  y…Ëthe Au.



(ƒ) Äthtu fu a an n≥ >+1 0. Ëtrƒ‚ fhtu fu 

an
n=

∞
∑

1
 yr¼Ëthe ntuÞ ‚tu y™u 7

‚tu s 

2 2
0

k

k

a k
=

∞
∑ . yt™tu W…Þtu„ fhe 

1
2

2 n nn (log )=

∞
∑ ™e yr¼Ëthe‚t

[[tuo.

(f) Äthtu fu an > 0; «íÞuf 

n
 {txu Ëtrƒ‚ fhtu 7

lim lim lim lim
a

a
a a

a

a
n

n
n

n
n

n n

n

+ +Φ
ΗΓ

Ι
Κϑ≤ ≤ ≤

Φ
ΗΓ

Ι
Κϑ1

1 1
1

ðÄw{tk ÞtuøÞ WŒtnhý yt…e, Œþtoðtu fu ©uZe™e yr¼Ëthe‚t [ftËðt {txu

½t‚ fËtuxe yu „wýtu¥th fËtuxe fh‚tk ðÄw yËhfthf Au.

2 (y) òu ©uýe ( )fn  yu E C⊂  …h Ë‚‚ rðÄuÞtu™e ©uýe ntuÞ y™u 7

f f En → ,  …h yufY… (yufËqºte) yr¼Ëhý fhu ‚tu ƒ‚tðtu fu

rðÄuÞ f  yu E  …h Ë‚‚ Au.

(ƒ) „{u ‚u ƒu „ýtu : 7+7

(1) Ëtrƒ‚ fhtu fu ©uýe f xn ( )β γ;

f x
x

x nx
n ( )

( )
=

+ −

2

2 21
;  x ∈[ , ]0 1  yu

0 1,  …h yufY… Ëer{‚ Au …hk‚w yufY… yr¼Ëthe ™Úte.

(2)

f x nxen
nx( ) = − 2

 yÚtðt 
f x n x xn

n( ) ( )= −2 1
;

x ∈[ , ]0 1
™e yufY… yr¼Ëthe‚t [ftËtu. ðÄw{tk ƒ‚tðtu fu

( )x e x k

k

⋅ −

=

∞

∑
1

 yu [ , ]0 2  …h yufY… yr¼Ëthe Au.
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(3) ƒ‚tðt u f u ©uýe f xn( )β γ, ßÞt k 

f x
x

n x
n( ) =

+1 2 2 ;

∀ ∈ −x [ , ]1 1  yufËqºte yr¼Ëhý fhu Au y™u ÷ûtrðÄuÞ

rðf÷™eÞ Au …ý x ∈ −[ , ]1 1  …h ËkƒkÄ 

f x f x
n n' ( ) lim ( )=

→∞
'

Ët[tu …z‚tu ™Úte.

3 (y) Äthtu fu rðÄuÞ 
f : [ , ]0 1 → TR  Ë‚‚ Au. Ëtrƒ‚ fhtu fu ƒ™oÂMx™ 7

ƒnw…Œeytu B fn ™e ©uýe {¤u fu suÚte B f fn → : [ , ]0 1  yufY… Au.

yÚtðt

(y)

x < ∈1; α TR
 {txu ƒ‚tðtu fu 7

( )
( )

!
......1 1

1

2
2

0

+ = ΦΗΙΚ = + + − +
=

∞
∑x k x x xk

k

α α α α α

ßÞtk 

α
0 1ΦΗΙΚ= ; 

α α α α
k

k

k
ΦΗΙΚ= − − +( ).......( )

!

1 1
;    k ∈B.

(ƒ) „{u ‚u ƒu „ýtu : 7+7

(1) Ëtrƒ‚ fhtu : 

f x x x x x x x x( ) .....= − + − + − + − +1 2 3 5 6 8 9 11

™e yr¼Ëth rºtßÞt 1 Au y™u 

lim ( )
x

f x
→ −

=
1

2

3
.

(2)

f x x x( ) tan ; [ , ]= ∈−1 0 1
 {txu ƒ™oÂMx™ ƒnw…Œeytu B f1 ,

B f2  y™u B f3  {u¤ðtu.

(3) ƒ‚tðtu fu rðÄuÞ 

f x e x

x

x
( ) ;

;
= ≠

=

ΡΣ|Τ|
− 1

0

0 0
  ™u W„{®ƒŒw

yt„¤ ftuE …ý fûtt™t rðfr÷‚tu Au y™u 
f n( ) ( )0 0=

, «íÞuf

1 Btn ∈  …hk‚w f x( )™u xuE÷h™wk rðM‚hý ™Úte.

4 (y) Äthtu fu TR n
 …h™t ‚{t{ ÔÞM‚ Ëk…L™ Ëwhu¾ fthftu™tu „ý Ω  Au. 7

òu 

A ∈Ω
; 

B L∈
(

TR n
) y™u A B A− ⋅ <−1 1 ntuÞ ‚tu Ëtrƒ‚ fhtu

fu 

B ∈Ω
. ‚thðtu fu 

L
(

TR n
)™tu W…„ý 

Ω
 rðð]¥t „ý Au.
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(ƒ) „{u ‚u ƒu „ýtu : 7+7

(1) rðÄuÞ f E: ⊂ TR n → TR m
 ™t …qýo rðf÷™™e ÔÞtÏÞt yt…tu.

‚Útt A =
Λ
ΝΜ

Ο
ΘΠ

1 2

3 5
 {txu 

A−1
 þtuÄtu.

(2) Äthtu fu 

f E: ⊂
 TR n →TR m

 rðÄuÞ Au. y™u 

E
 rðð]¥t „ý

Au. òu ‚{t{ ytkrþf rðfr÷‚tu 

D fj i ™wk yÂM‚íð ntuÞ y™u 

E
 …h

Ë‚‚ nt uÞ ‚t u Ëtrƒ‚ fht u f u f E∈τ' ( ) . ßÞt k

1 1≤ ≤ ≤ ≤i m j n; .

(3) ËrŒþ rðÄuÞtu™t …qýo rðfr÷‚tu {txu “Ëtkf¤™tu r™Þ{” (Chain

Rule) ÷¾tu y™u Ëtrƒ‚ fhtu.

(4) ƒ‚tðtu fu x ; x ∈TR n
 yu x = 0 yt„¤ rðf÷™eÞ ™Úte. ðÄw{tk

«[r÷‚ Ëkfu‚tu {wsƒ Ëtrƒ‚ fhtu fu

∇ = ∇ + ∇f g f g g f .

5 „{u ‚u ºtý „ýtu :

(y) ÔÞtÏÞt yt…tu : ði&÷ur»tf rðÄuÞ, Mðrh‚ rðÄuÞ. rðÄuÞ 

y x y3 23−
™wk 7

Mðrh‚ y™wƒØ rðÄuÞ {u¤ðtu ‚Útt y™wY… ði&÷ur»tf rðÄuÞ …ý þtuÄtu.

(ƒ) òu 

f z u r iv r( ) ( , ) ( , )= +θ θ
 yu D − ( , )0 0λ θ{tk ði&÷ur»tf ntuÞ ‚tu 7

ƒ‚tðtu fu 

r u r u urr r
2 0⋅ + + =θθ  ‚Útt f z z( ) log= ™wk ÄúwðeÞ MðY…

«{týu f z' ( ) {u¤ðtu.

(f) ði&÷ur»tf rðÄuÞ™t „wýÄ{o™tu W…Þtu„ fhe ƒ‚tðtu fu ð¢tu 
x y2 2 5− = 7

y™u xy = 6 ÷kƒåAuŒe Au. ‚Útt rðÄuÞ 

w z z z= − + +2 9 12 73 2

y™wftuýeÞ ™t ntuÞ ‚u rƒkŒwytu þtuÄtu.

(z) Ëtrƒ‚ fhtu : rðÄuÞ 

w z= 2
™tk Y…tk‚h nuX¤ hu¾tytu y x= 2  y™u 7

y x= −1 ðå[u™t ¾qýt™wk {t… y™u rŒþt Ë{t™ hnu Au.

(E)

f z
z i

iz
( ) = +

+1
™wk «r‚rðÄuÞ þtuÄtu. (yÂM‚íð ntuÞ ‚tu). ‚Útt z1 = ∞, 7

z2 1=
, z3 0= ™tk «r‚rƒkƒ rƒkŒwytu y™w¢{u w1 1= , w2 0= , w3 1= −

ntuÞ ‚uðwk rîËwhu¾ yt÷u¾™ þtuÄtu.
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ENGLISH VERSION

Instructions : (1) All questions are compulsory.
(2) Figures to the right indicate marks of the

corresponding question.
(3) Write the correct number of the question.

1 (a) Prove that ( );x x
nn n

n

= +ΦΗΓ ΙΚϑ1
1

 is convergent. 7

(b) If an∑  in absolutely convergent then prove that any 7

rearrangement of an∑  has the same sum.

(c) Let x x xn n n+ += +2 1; n = 1 2 3, , ,...... write r
x

xn
n

n
= +1

. 7

Prove that the sequence ( )rn  is convergent and

lim
n nr→∞

= +1 5

2
 .

OR
1 (a) Prove : 7

(1) lim
n

p

n

n

x→∞
= 0;   x > 1;    p ∈|TR|

(2)
a

na
n

n1+∑   in divergent; an > 0 whenever an∑   is

divergent.

(b) Let a an n≥ >+1 0. Prove that an
n=

∞
∑

1
 converges if and only 7

if 2 2
0

k

k

a k
=

∞
∑  converges. Using this discuss the conver-

gence of 1
2

2 n nn (log )=

∞
∑ .
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(c) Let an > 0; for all n. Then prove that 7

lim lim lim lim
a

a
a a

a

a
n

n
n

n
n

n n

n

+ +Φ
ΗΓ

Ι
Κϑ≤ ≤ ≤

Φ
ΗΓ

Ι
Κϑ1

1 1
1

Also giving suitable example; explain that root test is

more effective than ratio test, to test the convergence

of the series.

2 (a) Let ( )fn  be a sequence of continuous functions on 7

E C⊂  converging uniformly to ƒ on E. Then prove

that ƒ is continuous on E.

(b) Attempt any two : 7+7

(1) Let f xn ( )β γ; f x
x

x nx
n ( )

( )
=

+ −

2

2 21
;  x ∈[ , ]0 1 . Prove

that  ( )fn  is uniformly bounded but not uniformly

convergent on 0 1, .

(2) Discuss the uniform convergence of f x nxen
nx( ) = − 2

OR f x n x xn
n( ) ( )= −2 1 ; x ∈[ , ]0 1 . Also show that

( )x e x k

k

⋅ −

=

∞

∑
1

 is uniformly convergent in [ , ]0 2 .

(3) Show that the sequence f xn( )β γ where

f x
x

n x
n( ) =

+1 2 2 ;  ∀ ∈ −x [ , ]1 1  converges uniformly

and that the limit function is differentiable, but the

relation f x f x
n n' ( ) lim ( )=

→∞
'  does not hold good for

all x ≤ 1.
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3 (a) Let f : [ , ]0 1 →TR be continuous. Then prove that 7
there exists a sequence of polynomials, the Bernstein

polynomials B fn  such that B f fn → : [ , ]0 1  uniformly

on [0, 1].
OR

(a) Show that for x < ∈1; α TR 7

( )
( )

!
......1 1

1

2
2

0

+ = ΦΗΙΚ = + + − +
=

∞
∑x k x x xk

k

α α α α α

where; α
0 1ΦΗΙΚ= ;  α α α α

k
k

k
ΦΗΙΚ= − − +( ).......( )

!

1 1
;    k ∈B.

(b) Attempt any two : 7+7

(1) Prove : f x x x x x x x x( ) .....= − + − + − + − +1 2 3 5 6 8 9 11  has

radius of convergence 1 and that lim ( )
x

f x
→ −

=
1

2

3
.

(2) Obtain Bernstein polynomials B f1 ,  B f2  and

B f3  for f x x( ) tan= −1  on x ∈[ , ]0 1 .

(3) Show that the function

f x e x

x

x
( ) ;

;
= ≠

=

ΡΣ|Τ|
− 1

0

0 0
 has derivatives of all

orders at the origin and  f n( ) ( )0 0= ; for all 1 Btn ∈ ;
but it does not have a Taylor expansion.

4 (a) Let Ω  be the set of all invertible linear operators on 7

TR n. Prove : If A ∈Ω  and B L∈ (TR n) and

B A A− ⋅ <−1 1 then B ∈Ω . Deduce that Ω  is an open

set on L (TR n).

(b) Attempt any two : 7+7

(1) Define total derivative of the function

f E: ⊂ TR n →TR m. For A =
Λ
ΝΜ

Ο
ΘΠ

1 2

3 5
 find A−1 .
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(2) Suppose f E: ⊂ TR n → TR m is a function on an

open set E; and the partial derivatives D fj i  exist

and are continuous on E; 1 1≤ ≤ ≤ ≤i m j n;  then

prove that f E∈τ' ( ).
(3) State and prove "Chain Rule" for the total deriva-

tives of the vector valued functions.

(4) Show that x ; x ∈TR n is not differentiable at x = 0.
Also, in the usual notations prove that

∇ = ∇ + ∇f g f g g f .

5 Attempt any three :
(a) Define : Analytic function, Harmonic function. Find 7

harmonic conjugate of y x y3 23−  and corresponding
analytic function.

(b) If f z u r iv r( ) ( , ) ( , )= +θ θ  is analytic in D − ( , )0 0λ θ 7

then show that

r u r u urr r
2 0+ + =θθ . For f z z( ) log=  find f z' ( ) in

polar form.
(c) Using the property of analytic function show that the 7

curves x y2 2 5− =  and xy = 6 are orthogonal. Also find

the non-conformal points of the mapping

w z z z= − + +2 9 12 73 2 .
(d) Prove : The magnitude and direction of an angle 7

between the lines y x= 2  and y x= −1 remain same under

the image of the mapping w z= 2.

(e) Find inverse of the mapping f z
z i

iz
( ) = +

+1
 (if exists). 7

Also find the bilinear transformation which maps the

points z1 = ∞, z2 1= , z3 0=  onto the points w1 1= , w2 0= ,

w3 1= − .

_____________
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